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Abstract—This paper shows a set of relationships between
quantum computing, braid groups, and representation theory;
and especially how topological quantum computing lies at
the center. We discuss a handful of landmark papers and a
portion of mathematical foundations needed to understand them,
specifically Temperley-Lieb algebras.

I. INTRODUCTION AND MOTIVATION

In the background paper on Topological Quantum
Computing (TQC), we discussed the physical foundations
of the subject, and began looking at the braid group to
describe swapping of anyons. We neither discussed nor proved
the computational power of TQC, which is the subject of
this paper. In fact TQC is a model of computing with rich
mathematical structure. Here are three statements we will
discuss in this paper:

Theorem I.1. The Jones Polynomial is an invariant
representation of a braid.

Theorem I.2. Approximating the Jones Polynomial, while
difficult on a classical computer, can be computed efficiently
on a quantum computer.

Theorem I.3. Braiding anyons is universal for quantum
computing.

These theorems describe the relationships between the braid
group, quantum computing, and the Jones polynomial, outlined
in the below diagram.
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Invariant Representation

Fig. 1. The motivating relationships of this project.

In this report we will examine each of these connections,
starting with the Jones polynomial, as the other two derivations
factor through it. We do not have the space to discuss the
tractability of calculating the Jones Polynomial in depth, but
it should be mentioned in reference to these other two topics.

II. INVARIANT REPRESENTATIONS OF BRAIDS

Topological knots have been an object of study since the
1700s, in which mathematicians attempt to classify knots,
determine equivalency classes, and identify unique identifying
functions for individual knots. While there has been much
progress made on determining whether two knots are equal,
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a perfectly classifying invariant has yet to be identified. One
such imperfect invariant of braids is the Jones polynomial. The
notion of ”imperfect” comes from the fact that two identical
braids (under Reidemeister moves) must have the same Jones
polynomial, while two distinct braids may have the same
polynomial.

As discussed in the background paper to this report, braids
are topological objects that can also be understood as elements
of a group. For a given number of nodes n, the braid group is
generated by the swapping of adjacent notes, subject to two
relations. The adjacent swap generators are visualized as

Fig. 2. The generators of Bn

Definition II.1 (The Braid Group Bn). The braid group on
n strands is the group on n − 1 generators [1], subject to
restrictions R1 and R2 [2]:

Bn = {σ1, ..., σn−1|R1, R2}

Where σi is a swap of particles pi and pi+1.

• R1: Disjoint swaps commute.

σiσj = σjσi for |i− j| ≥ 2

• R2: Yang-Baxter braid relation.

σiσi+1σi = σi+1σiσi+1, ∀ i ∈ 1, ..., n− 2

To understand the computational power of braids, we must
understand first their Jones representation. The reduction from
braid to polynomials factors through Temperley-Lieb Algebras
as seen in the figure:

Fig. 3. The reduction through Temperley-Lieb Algebras.

In this section we will examine each step in the process of
obtaining the Jones polynomial for a given braid. An important
definition that we will use later is the writhe of a braid:



Definition II.2 (Writhe). Let b ∈ Bn = ⟨σ1, ..., σn−1⟩, then
by definition of generating set,

b = σk1
i1
σi2

k2 · · ·σimkm

Then we say the writhe of b is:

e(b) =

m∑
j=1

kj

A. Braids to Links

Braids are unique in that they are open strands attached
to some topologically invariant surface. In order to use
knot theory to study them, we first must convert them into
links, or closed loops that are themselves knots and possibly
intertwined. There are two methods studied of converting
braids into links: the plat closure and the trace closure [3].

A closure is a joining of the free ends of the knots in order
to form closed loops. The plat closure connects adjacent pairs,
whereas the trace closure adds an additional side of the loop
at the end of the braid, closing each strand onto itself. The
difference can be see in the below diagram.

Fig. 4. Left; the plat closure. Right; the trace closure.

If there is an odd number of strands, the plat closure simply
connects the final strand to itself. Importantly, any link can be
constructed as the plat closure of some braid, and the plat
closure of any braid is a valid link–the same follows for trace
closures.

B. Temperley-Lieb Algebras

Once a braid b ∈ Bn has been identified we may further
characterize it by its representation in the Temperley-Lieb
algebra over d in n strands, TLn(A). An algebra is a structure
like a vector space with well-defined multiplication over
the vectors. For example, GLn(R), the set of all invertible
matrices, is an algebra over R. In this case the vectors are
the matrices, with multiplication as the usual cross-product
of matrices. The scalars are the underlying field R. With
this example in mind, we can define the underlying field to
be Q(A), the field of rational functions over the Kauffman
variable A with complex coefficients. We will denote this field
Q(A) = F. [4]

Definition II.3 (Temperley-Lieb Algebra TLn(A)). For n ∈
N, and d ∈ C, we define TLn(A) to be the algebra over
Kauffman diagrams {Ei}, subject to the following relations:

1) EjEi = EiEj for |i− j| ≥ 2
2) EiEi+1Ei. = Ei

3) E2
i = dEi

with an additional ”loop variable” d = −A2 −A−2 defined.

We will unpack this definition. First, let us define Kauffman
diagrams. Similarly to braid diagrams, we consider a block
with n nodes on the top and bottom that must be connected.
However, they differ to braid diagrams in two ways: we allow
horizontal lines, and we do not allow crossings. Examples of
Kauffman diagrams are:

Fig. 5. Examples of Kauffman diagrams.

In fact, these Kauffman diagrams are exactly planar graphs.
Then we can consider a generating set of these diagrams as a
basis for the algebra as follows:

Fig. 6. Basis elements of TLn(A).

[4]Each diagram can be connected top-to-bottom, similarly
to the braid group, to construct further tangle diagrams. This is
how ”vector multiplication” is defined in this algebra for any
Kauffman diagram. In some cases, this can result in a loop
being formed: this is not allowed, and thus in simplification,
the loop is removed and the diagram gets an additional factor
of d, the loop variable.

Fig. 7. Vector multiplication in TLn(A).

The above definition of TLn(A) may appear familiar:
relation 1 is the same as in the braid group Bn, and relation
2 is similar to the Yang-Baxter relation. However, the third
relation is unique to TLn(A), and the Yang-Baxter relation
describes a symmetry rather than a reduction. However, there
are further connections between Bn and TLn(A), as show in
the rest of this section.

1) Kauffman Bracket: Consider the group algebra over the
braid group and a field F,

F[Bn] := {
∑
f

abb|b ∈ Bn, ab ∈ F}



Similarly to other algebraic structures, we can relate algebras
by homomorphisms. Thus in order to study the relationship
between the braid group and the Temperley-Lieb algebra, we
consider the algebra of the braid group. In fact, we define the
Kauffman bracket as a homomorphism between the two:

Definition II.4 (Kauffman Bracket). The Kauffman bracket is
an algebra homomorphism

⟨·⟩ : F[Bn] → TLn(A)

such that every crossing in the braid is replaced by one of the
following tiles [4]:

Fig. 8. Braid Crossing Replacements.

Where A is the Kauffman variable inherited from the
underlying field. This can be written in the form of ⟨·⟩ : b 7→∑

i AI +A−1Ei, for each crossing i.

Below is an example of the Kauffman bracket applied to a
simple braid σ1.

Fig. 9. The Kauffman Bracket in Action.

Importantly, this allows us to convert any braid to an
element of TLn(A) under a homomorphism. [4] This means
that for some matrix representation V of TLn(A) and
mapping ρ′ : TLn(A) → V , we may similarly extend this
(pullback?) homomorphism to Bn. This implies that V is also
a representation of the braid group, which is desirable as we
are in search of of a representation.

C. Markov Trace

Next, given any element of TLn(A), we can calculate
its trace by completing the trace closure, then counting the
number of loops, or the loop umber dn. Thus Tr : TLn(A) →
F, with the standard algebraic trace property Tr(AB) =
Tr(BA). [4]

D. Jones Polynomials

In the search for a braid invariant, mathematicians identified
the Jones Polynomial. In fact, it is a specific Laurent
polynomial, which means it is in fact a polynomial with
fractional exponent terms A1/2 as well as integer exponents.

Definition II.5 (The Jones Polynomial). Given a braid b ∈ Bn,
the Jones polynomial is defined as follows:

J(b, q) =
(−A−3)e(b)Tr(⟨b⟩)

d

Where q = A−4 is the variable the polynomial is defined
in, Tr⟨b⟩ is the Markov trace of the Kauffman bracket of the
braid, and e(b) is the writhe of the braid. [5]

We work through an example to calculate the Jones
polynomial of a braid. Consider b ∈ B3 as σ1σ2. First, we
identify the writhe as e(b) = 2 by application of the definition.
Then we find the Kauffman bracket of this braid as follows:

An example of the Kauffman bracket is as follows:

Fig. 10. The evaluation of ⟨b⟩.

Then, we calculate the Markov trace of each of these
diagrams:

Fig. 11. The Markov Trace of Each Diagram

Then we combine each of these loop variable with their
accumulated Kauffman variables left over from the bracket.
Thus the total trace is

Tr⟨b⟩ = A2d3 + 2d2 +A−2d

Then combining all of this information,

J(b, q) =
(−A−3)e(b)Tr⟨b⟩

d

=
(−A−3)2(A2d3 + 2d2 +A−2d)

d

= A−6(A2d2 + 2d+A−2)

= A−4d2 + 2d+A−2

with the definition q = A−4, we have

J(b, q) = qd2 + 2d+ q1/2

Simplifying further, with d = −A2 −A−2 we obtain

J(b, q) = q(−A2 −A−2)2 + 2(−A2 −A−2) + q1/2



= q(A4 +A−4) + 2(−A2 −A−2) + q1/2

= q(q−1 + q)− 2q−1/2 − 2q1/2 + q1/2

= q2 − 2q−1/2 − q1/2

Thus we have calculated our Jones polynomial. It is
clear that even for such a simple braid, the polynomial
calculation is nontrivial. In fact, using a classical computer,
even approximating the Jones Polynomial is #P-complete, a
fact we will discuss in more detail in later sections.

III. UNIVERSAL QUANTUM SIMULATION THROUGH
BRAIDS

In the last report, we claimed that quantum computation
could be performed by swapping anyons. Now we give an
overview of the proof of this statement. We have already
discussed how swapping anyons gives rise to the braid group,
and how the braid group can be represented in the TLn(A)
by the Kauffman bracket. In fact, this representation is a
homomorphism, which preserves the operations such that any
representation of the algebra is also a representation of the
braid group.

This is a fact we will use to show that Bn can execute
universal quantum computing operations. We recall from
preliminary quantum computing courses the definition of
computational universality:

Definition III.1 (Quantum Computational Universality). A
gateset G of unitary matrices on n qubits is said to be universal
for quantum computation if it generates a dense subgroup of
SU(2n), the special unitary group of 2n × 2n matrices. [6]

Specifically, any gate may be efficiently approximated
by a universal gateset by the Solovay-Kitaev theorem [6],
discussion of which is beyond the scope of this paper.
However, it motivates why we search for universal gatesets: we
can efficiently compute any quantum gate using them. When
considering topological quantum computation, universality
depends on the anyon model being used. Some, like the
Fibonacci anyons, are universal, while Majoranas alone
generate only the Clifford group. We will discuss this more
in-depth later in this section.

Next, we will consider the Jones-Wenzl theorem as
discussed in [4]

Theorem III.1 (Jones-Wenzl).

TLn(A) ∼=
⊕
λ

Mλ(C)

Where λ are the Young Diagrams of n, and M is complex
matrices.

This theorem is useful because in order to prove universality,
we need to show a representation of Bn that is dense in
SU(2n). Thus we already have an easy mapping into matrix
groups, now we just must show that in fact this corresponds
to the Lie group we desire.

This was first shown in [7] for a specific case, then proven in
the general case in [8] using their ingenious ”two eigenvalue”

technique. The argument discussed in this paper goes as
follows:

1) We have a homomorphism ρ : F(Bn) → TLn(A).
2) We have an isomorphism TLn(A) ∼=

⊕
λ Mλ(C)

3) Based on the rules of the TLn(A) (specifically E2
i =

dEi), the image of each braid generator must have
exactly two eigenvalues.

4) The only valid groups with this property are U(N),
SU(N), Sp(N), SO(N), a few finite groups.

5) By selecting the specific partitions λ, our image is dense
in SU(N).

In fact, selecting a specific partition type is done by
choosing a specific anyon fusion model. If one selects the
Young diagrams that are ”hook-shaped” (the first row is
the only one with more than one element), you can obtain
specifically the mapping into SU(N).

IV. EFFICIENTLY APPROXIMATING THE JONES
POLYNOMIAL

Finally, we discuss one important result in Quantum
Complexity Theory: that calculating Jones Polynomial for
a given braid is efficient to approximate using a quantum
computer. We define JonesApprox as the following problem:

Definition IV.1 ( JonesApprox). Given a braid b on n strands
with m crossings, approximate its Jones Polynomial at any
primitive root of unity e2πi/k.

A. A Short Introduction to (Quantum) Complexity Theory
As discussed above, approximating the Jones Polynomial

using classical computation falls into #P, pronounced ”sharp-
P” [5]. This is the class of functions which count the number
of solutions to NP problems: for example, consider #SAT ,
the problem of counting the number of satisfying assignments
to a boolean formula. This class is at least as hard as NP but
considered to be much harder; in any case, it is not though to
be simple to compute classically [9].

However, this notion of difficultly (or maybe the power of
quantum computing) was soon changed. In 2006, Aharonov,
Jones, and Landau published the AJL algorithm, which solves
JonesApprox efficiently using a quantum computer. Following
this, Aharonov and Aradi proved in 2011 that JonesApprox is
at least as hard as any other problem in BQP. Specifically, the
two groups proved that JonesApprox is BQP-complete, which
we will define as follows:

Definition IV.2 (BQP Complexity Class). A language L ∈
BQP if it can be solved in bounded-probabilistic polynomial
time on a quantum computer.

The class BQP serves in quantum complexity as the
definition of ”efficiency”, analogous to P for classical
complexity theory. In fact, BQP is much more closely related
to BPP, but extensive discussion of this fact is beyond the
scope of this paper.

We will briefly discuss the notion of completeness for a
complexity class.



Definition IV.3 (Completeness). A problem P is C-complete
for a complexity class C if it is both P ∈ C and C-hard.

Essentially, this means that if P is C-complete, it is both
able to be solved in the constraints of C and at least as hard
as every other problem in C. Then we can formally state the
theorem of this section:

Theorem IV.1. JonesApprox is BQP-Complete. [10], [5]

Proof. 1) JonesApprox ∈ BQP. The proof of this is
discussed in the AJL Algorithm section.

2) JonesApprox is BQP-hard. The proof of this is shown
in the Circuit Reduction section.

B. The AJL Algorithm

For any braid b ∈ Bn, with m crossings, we can determine
its representation ⟨·⟩ : Bn → TLn(A). From there, the authors
describe another homomorphism Φ : TLn(A) → Hn∗, the
dual of the Hilbert space acting on qubits. Specifically, this
maps each element of the braid group to a matrix in SU(N)
under the mapping described in the universality section. Then
for any image Φ(b) of b ∈ Bn, there exists some quantum
circuit Q(b) which efficiently implements this matrix. [5] Then
the AJL algorithm is as follows: For j ∈ [0, poly(n,m)]

1) Generate |α⟩ = |0101...⟩
2) Using the Hadamard test, output xj such that

E(xj) = Re ⟨α|Q(n) |α⟩

3) Similarly, output yj such that

E(yj) = Im ⟨α|Q(n) |α⟩

Then if r is the average over all xj+yj , the Jones polynomial
is

J(b, q) =
(−A3)e(b)dλr

d

where λ is an irrational value. [5]
This runs in polynomial time because the bulk of the

calculation is being done by performing the Hadamard test
polynomially many times. The Hadamard test is a simple
quantum circuit that can calculate either the real or the
imaginary part of the output of an arbitrary gate U .

Fig. 12. The Hadamard Test.

C. A Circuit Reduction

In 2011, Aharonov and Arad published their landmark paper
”The BQP-hardness of approximating the Jones Polynomial”
[10], proving that JonesApprox is BQP-hard. The problem that

they reduce from specifically is Universal-Circuit, which we
will define as follows:

Definition IV.4 (Universal-Circuit). Given a quantum circuit
U with n qubits and m gates, calculate the probability of the
output being |0⟩⊗n. Ie, calculate

| ⟨0|⊗n U |0⟩⊗n |2

This problem is BQP-Hard [10], thus all we need to
show is that by solving an instance of JonesApprox, we
are also solving an instance of Universal-Circuit. The proof,
unsurprisingly, also depends on the representation of a braid
in TLn(A). The specifics of this proof are beyond the scope
of this report, however they proceed by proving that for every
quantum circuit U , there exists some b ∈ Bn such that its
Jones polynomial is proportional

| ⟨0|⊗n U |0⟩⊗n |2 ∝ J(b, q)

This of course relies on the fact that every circuit can be
condensed to one matrix in SU(N) and as the rest of this
paper has discussed, there is a strong relationship between
Bn and SU(N).

V. CONCLUSION AND FUTURE WORK

In this paper we discussed the relationships between
quantum computing, braid groups, and invariant
representations in Jones polynomials. At the center of
these relationships lies derivations through TLn(A). For
future work, I am curious if specific anyon models can be
selected for more efficient computation.
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